In this thesis, we are concerned with the study of cohomology with local coefficients and applications to (non-orientable) real vector bundles. The thesis consists of an introduction and three separate sections. The introduction gives some motivation for considering cohomology with local coefficients and an outline of the results obtained. The first section deals with a general discussion of such cohomology groups and contains a Künneth Theorem for such groups. The second section is devoted to some computations which are needed later and the final section gives a complete description of the integral cohomology of the spaces BO(n) and BSO(n).
Introduction
A great deal of information has been obtained about real vector bundles by studying various "characteristic classes". (See, for example, [2] or [9] .) Usually, these results are about the mod 2 classes of an arbitrary bundle or the integral classes of an orientable bundle. The study of the integral classes of a non-orientable bundle [12] is complicated by the fact that these are "twisted" cohomology classes. (See Section 3 for a definition).
That the situation is more difficult in the case of non-orientable bundles is illustrated by the following example. It is known [9] , [14] , that the normal bundle to an imbedding of an orientable manifold in a Euclidean space always has a trivial Euler class. However, an example due to Whitney [15] shows that this is not true for non-orientable manifolds.
It was our original purpose to study non-orientable real vector bundles by studying the twisted integral characteristic classes. We do this by the familiar technique of studying the universal classes. Explicitly, if BO(n) is the classifying space of the real orthogonal group O(n) and Z is the local system of twisted integer coefficients on BO(n) (see [11] or [14] ), we describe completely the groups H q (BO(n), Z) as well as H * (BO(n), Z). This is done in Section 3. The first two sections are devoted to a study of properties of cohomology with local coefficients which are needed in Section 3. In particular, Section 1 is concerned with proving a Künneth formula for cohomology with coefficients in an arbitrary local system. Section 2 is concerned with the special case of local coefficients with fiber Z, the group of integers. Here, we give a characterization of the "twisted" Bockstein homomorphisms induced by the exact coefficient sequence 0 → Z → Z → Z 2 → 0 and generalize a result of Massey [8] on the Gysin sequence of a vector bundle.
Homology with local coefficients
The main result of this section is a Künneth formula for homology and cohomology of spaces with coefficients in a local system of groups. For a definition of such homology groups, the reader is referred to Steenrod's paper [11] . Equivalently, a local system of coefficients is a locally constant sheaf [4, exposé 14] or, if the base space is "nice", it is a bundle of coefficients [12] . The remainder of the section is devoted to the special case of "twisted integer" cohomology and some results are developed which are needed in subsequent parts of the paper.
The Künneth Theorem
Let K be an arcwise connected space and G an abelian group. We recall that a local system of coefficients [11] with fiber G over K is an element
where π 1 (K) is the fundamental group of K and Γ(G) is the group of automorphisms of G. We shall write G v for such a local system and consider G as a right π = π 1 (K)-module with the action induced by v.
Theorem 1.1 (Eilenberg). If K is an arcwise connected space with universal covering spaceK, then there exist natural isomorphisms
and
where tensor products are taken over the group ring Z(π).
Proof. The groups on the right are the "equivariant" homology groups ofK with π operating on the left as covering transformations. For details, see [6, Proof. These are standard Künneth theorems for chain complexes and a proof may be found in [5] . A particularly simple proof is given by Heller in [7] . 
where Proof. We prove (a) by showing that both groups are solutions of essentially the same "universal mapping problem".
(a 1 ) The left side of (*) is the solution to the universal mapping problem
where A is an arbitrary abelian group and f is a group homomorphism satisfying
for all r i ∈ R i , and
for all λ ∈ Λ. This may be seen as follows. If we take c 2 to be the unit in R 2 , the formula (1) asserts that f is really a map [
Similarly, if we take c 1 to be the unit in R 1 , we get that f is a map
To see that f is compatible with the action of Λ, we need only note that each λ ∈ Λ commutes with every element in both R 1 and R 2 and then use formula (2) .
(a 2 ) The right side of (*) is the solution to the mapping problem
where B is an arbitrary abelian group and g is a group homomorphism satisfying
for all λ ∈ Λ, and
As before, this is checked easily and follows from the fact that Λ is a subring of the center of both R 1 and R 2 . This problem, however, is trivially equivalent to the problem g : (3) and (4) are altered only by transposing the variables to obtain conditions (3 ) and (4 ) . When this is done, we find trivially that the two mapping problems are equivalent. The existence and uniqueness of T follows in the usual way. (1) if we assumed that Λ contained a unit.
We are now in a position to prove the Künneth Theorems. We give the details for the case of homology and indicate the proof for cohomology. Furthermore, to simplify the discussion, we confine ourselves to cell-complexes (see [12] for a definition). This means that for complexes K 1 and K 2 , we may identify the chain groups
For arbitrary arcwise connected spaces which have a universal covering space, the theorems still hold, but we would have to use a natural chain equivalence between these chain complexes. Such an equivalence is furnished by the Eilenberg-Zilber Theorem. Theorem 1.6. Let K 1 and K 2 be arcwise connected cell-complexes having universal coverings and
is a free abelian group, then there exists a natural exact sequence
where all homology is with local coefficients and the maps are of degree 0 and −1. If G 1 and G 2 are both free, then the sequence splits.
Proof. LetK i be the universal covering space of K i and note thatK 1 ×K 2 =K 3 . By Theorem 1.1,
Since C(K i ) is free and at least one of the two groups G 1 , G 2 is free, we may apply Theorem 1.2 to obtain the exact sequence
. Thus, if we take R i = Z(π i ) and Λ = Z in Theorem 1.4, we obtain the following natural isomorphisms
The desired sequence is obtained by substituting in the previous sequence. The last assertion of the theorem follows from the corresponding assertion of
where the first map has degree 0 and the second has degree 1. If G 1 and G 2 are both free, the sequence splits.
Proof. The proof is similar to the proof of Theorem 1.6, this time using the second formula of Theorem 1.1 and then Theorem 1.3. We need an analogue of Theorem 1.4, which is furnished by the following lemma.
Suppose C i is a free chain complex and finitely generated in each dimension. Then there is a natural chain isomorphism
Proof. One merely verifies that the map given by
has the desired properties.
Remark 1.9. The requirement in Theorem 1.7 that one of the groups G 1 , G 2 is free is needed to insure that one of the groups Hom π i (C(K i ), G i ) is free, so Theorem 1.3 applies.
Twisted integral cohomology
In this section, we consider local systems on a space with the group Z of integers as the fiber. Then Γ(Z) ≈ Z 2 . Given a space K which is arcwise connected, a local system with fiber Z is given by an element of Hom(π 1 (K), Z 2 ) as before (see Section 1). Since the Hurewicz map induces the isomorphism Hom(π 1 (K), Z 2 ) ≈ Hom(H 1 (K), Z 2 ) and by the Universal Coefficient Theorem Hom(
we may identify such a local system with an element v ∈ H 1 (K, Z 2 ). We call such a system of coefficients "twisted" and the corresponding cohomology groups H q (K, Z v ) are twisted integral cohomology groups. Note that if v = 0, we get ordinary cohomology [12] .
The Bockstein Coboundary
Given a twisted local system Z v on a space K, by the Bockstein coboundary β v we mean the coboundary induced by the exact sequence 0
Lemma 2.2.β is a cohomology operation in two variables.
Proof. We must show that for any continuous map g :
) be fixed and Z v , Z g * v be the indicated local coefficient systems over K and K , where
. Then, it is clear that Z g * v is the local system over K induced by g : K → K in the usual sense and it follows from the usual properties of the Bockstein homomorphism [12] 
. Since g * also commutes with reduction, we get g
which completes the proof of the Lemma. Proof. By looking at the universal example K(Z 2 , 1) × K(Z 2 , q) for such operations (see for example [13] ), we find immediately that
where q is the degree of x and a q , b q , c q ∈ Z 2 depend only on q. We note that for any space, if v = 0, then Z v is ordinary integral cohomology andβ 0 = Sq 1 . Thus we have
On the other hand, we have
In particular,β
But it is a trivial computation that for v = w 1 ∈ H * (BO(1), Z 2 ) = H * (Z 2 , 1, Z 2 ), we haveβ(w 1 , w q 1 ) = (q + 1)w q+1 1 mod 2. It follows that b q = 1 and the theorem is proved.
The Gysin sequence of a sphere bundle
Let (E, π, B, S k−1 ) be a fiber bundle where k 1. Then Thom has proved [14] that there exist Gysin sequences
where G is any local system with fiber G over B and we also write G for the system induced on E by π : E → B. The local system Z w1 is the one determined by the first Stiefel-Whitney class of the bundle. Furthermore, if G = Z, then µ is given by In what follows, we restrict ourselves to the case G = Z. In this case, we actually obtain two Gysin sequences
and 
where p is the degree of x and k
The proof is exactly the same as the proof of Lemma 1 in [8] since all the properties of the maps that Massey used are still valid with cohomology in a local system (see [13] ). The one exception is the case k = 1 and i = 2. Here, the proof in [8] breaks down because the S 0 -bundle E → B is precisely the one which "kills off" the element w 1 ∈ H 1 (B, Z 2 ). Thus, the local system induced by Z w 1 on E is not twisted. For this case, we have the following result.
We shall show that Θ is a cohomology operation in two variables.
Note that for any v ∈ H 1 (B, Z 2 ), we can define the 0-sphere bundle π v : E v → B which "kills off" the element v ∈ H 1 (B, Z 2 ). Then, the two Gysin sequences are defined as before and so is Θ (v, x) . The verification of the fact that Θ is a cohomology operation proceeds as in the case of the Bockstein coboundary using the fact that the maps in the Gysin sequence commute with bundle maps.
This is a triviality since in this case, the two Gysin sequences are the same and the result follows by exactness.
It is sufficient to compute for the universal example which in this case is
If we compute by means of the Künneth formula, we find that for n 2
is the polynomial ring in the one generator ν 2 . Furthermore, ν = v mod 2. We also have that H n (Z, n, Z) = Z. Let u n ∈ H n (Z, n, Z) be a generator. Then, we get immediately that Θ(v, x) = a n x for n odd and some a n ∈ Z and Θ(v, x) = b n ν n + a n x for n even and some b n ∈ Z 2 , a n ∈ Z. Since Θ(v, 0) = 0, we have
where n is the degree of x.
Looking at the Gysin sequences corresponding to v ∈ H 1 (U n , Z), we find that the two-fold covering is the universal coveringŨ n =K(
is of order 2, we have µ(2u n ) = 0 and hence u n is in the image of ψ 2 by exactness of the sequence (G2). However, since ψ 2 is an additive map, it follows that ψ 2 (u n ) = 2u n . If we now turn to the sequence (G1), we easily compute H n−1 (U n , Z v ) by the Künneth formula and find that π * 1 (u n ) = u n . It follows that ψ 2 π * 1 u n = 2u n and therefore Θ(v, x) = 2x. For the case n = 1, we can compute separately. Here, we note that K(Z 2 , 1) = P ∞ (R) is infinite-dimensional real projective space and the universal example is P ∞ (R) × P ∞ (R). But in this case, all the groups in the Gysin sequence are known and we can compute ψ 2 directly.
Cohomology of BO(n)
In this section, we apply the preceding results to determine completely the structure of the cohomology ring H * (BO(n), Z) as well as the complete structure of
, where Z is the local system Z w1 . We describe these groups in terms of the cohomology ring H * (BSO(n), Z) and the two Gysin sequences associated with the covering BSO(n) → BO(n). To complete the picture, we give a formula in closed form for the ring H * (BSO(n), Z).
3.1. Torsion in H * (BO(n), Z) It has been shown by Borel and Hirzebruch [3] that all of the torsion in the groups H * (BO(n), Z) and H * (BSO(n), Z) is of order 2. Using these results, we prove Proof. For n = 1, this is well known since BO(1) = P ∞ (R) is infinite-dimensional real projective space. For n 3, we have O(n) = SO(n) × O(1) and hence BO(n) = BSO(n) × BO (1) . Applying the Künneth Theorem of Section 1, we get a split exact sequence. Next we note that H p (BSO(k), Z) is a direct sum of copies of Z and Z 2 . On the other hand,
This may be seen as follows. As noted earlier, BO(1) = K(Z 2 , 1) = P ∞ (R). That H 0 (BO(1), Z) = 0 follows from [12, Section 31.20] . For the higher groups, we may approximate P ∞ (R) by P 2q (R), 2q-dimensional projective space over the reals, since this is the 2q-skeleton. But for a compact non-orientable manifold, we may compute the twisted cohomology from the ordinary homology by the Poincaré duality theorem [4, exposé 20].
The twisted Euler class
For orientable bundles with fiber S k−1 , the Whitney sum theorem asserts that X(ξ ⊕ η) = X(ξ)X(η) where ξ ⊕ η is the Whitney sum of the two bundles and X(ζ) is the Euler class of ζ (see [2] or [9] ). In this section, we prove the corresponding theorem for non-orientable bundles.
Let p :
). According to Thom [14] , we have the Gysin sequences (G1) and (G2) as in Section 2.2 and the map µ is multiplication by a fixed element w n ∈ H n (BO(n), Z). Furthermore, it is also shown in [14] that w n is equal to the first obstruction to a cross-section of the bundle (see [12] ) with a change of sign. The class w n (or its negative) is usually called the universal twisted Euler class. As usual, the Euler class of a sphere bundle is defined by means of the classifying map of the bundle [9] . Let R = R 2n+1 be the graded commutative polynomial ring over Z in the generators W j , 2 j 2n + 1, with the relations 2W 2j+1 = 0. For any strictly increasing sequence of integers I = {j 1 , . . . , j k } with 1 j 1 < j k n and k 2 define It is clear that image ϕ 0 = image ρ. The theorem will be proved if we can show that image ϕ 2 = image ρ 2 . Let F ⊕ T = H * (BSO(2n + 1), Z) be a decomposition into a free and torsion subring. That is, T = Tors H * (BSO(2n + 1), Z) and F is the subring generated by the Pontryagin classes. Then it is clear that ρ 2 (F ⊕ T ) = ρ 2 (F ) ⊕ ρ 2 (T ). According to [3] we have that ρ 2 (T ) = image Sq 1 and by [1] we also have that Sq 1 (w j ) = jw j+1 mod 2. By straightforward computation, since Sq 1 is a derivation, we have 
